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ENERG IZATION OF IONOSPHERIC IONS BY ELECTROSTATIC HYDROGEN CYCLOTRON WAVES
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Abstract. Interactions between ionospheric ions and a
monochromatic electrostatic hydrogen cyclotron wave were
studied numerically for conditions corresponding to the auroral
plasma. Strong heating of the minority ions He+, He++, and 0+
were observed. The fraction of the initial ion population which
underwent heating was found to strongly depend on the mass,
charge, and initial temperature of the ion species.

of particles which were initially Maxwellian distributed with a
prescribed temperature. The solutions were advanced in time by
the standard time-centered leap-frog method. A great care was
exercised in choosing the time step for each ion species so that
numerical errors were minimized. The wave parameters used in
our calculations were

Stochastic Acceleration
(3)

The energization of the low energy ionospheric ions flowing
along geomagnetic field lines to high altitudes is one of the fundamental problems in magnetospheric physics. In recent years
it has been suggested that these ions are energized by electrostatic hydrogen-cyclotron (EHC) waves excited above the
topside ionosphere in the auroral region by the field-aligned currents [Kindel and Kennel, 1972; Kintner and Kelley, 1978; Kintner et al, 1979; Ungstrup et al, 1979; Klumpar, 1979; Lysak et
aL 1980]. Lysak et al considered the formation of energetic proton tails by the interaction of EHC waves and protons. In fusion
research plasma heating by coherent waves is getting considerable attention; it is now well established that the interaction of charge particles with coherent waves of large enough
amplitudes can heat the plasma particles [Smith and Kaufman,
1978; Fakuyama et al, 1977; Karney, 1972; Abe et al, 1980].
Recently, Papadopoulos et al [1980] applied the results of
Karney to ionospheric; ions to predict a very large heating for 0+
ions and a relatively moderate heating of He:+- ions by an EHC
wave. The purpose of this letter' is to present a summary of a
detailed investigation in which interactions of several types of
ions with EHC waves were studied numerically. Our results
show an appreciably larger heating for helium ions than
predicted by Papadopolous et al. Furthermore, our studies indicate what portion of the initial cold population undergoes
heating, and hence, whether the heating occurs in the bulk or in
the tail of the initial distribution. We discuss heating of 0+,
He+, and He++ ions.
In order to study the interactions between ions and EHC
waves, we numerically solved the following ion equations of
motion:

where rH' QH and TH are the Larmor radius, cyclotron frequency, and temperature of hydrogen ions, respectively. In most of
our numerical studies, 2000 particles were used. However, for
selected cases we considered 10,000 particles and obtained
essentially the same statistics. The minority ions were initially
characterized by a Maxwellian temperature which was varied
from T H /I0 to 10TH, Such a temperature variation is expected
in the topside polar ionosphere based on both experimental and
theoretical grounds (Maier and Hoffman, 1974; Holzer et al,
1971; Raitt et al, 1975, 1977, 1978).
The parameters given by equation (3) are the same as those
used by Papadopoulos et al (1980), except for the value of kll .
These authors assumed a purely perpendicular propagation for
the EHC wave. However, from the theoretical study of Kindel
and Kennel (1971) it appears that the ratio of kJ. /k ll varies between 5 and 10 as the proton to electron temperature ratio
ranges from very large values to unity.
Several theoretical studies have been conducted which predict
stochastic heating of charge particles in a coherent (nonstochastic) wave propagating in a nearly perpendicular direction to the magnetic field when the wave amplitude exceeds a
threshold (Fakuyama et al, 1977; Karney, 1978; Abe et al, 1980);
cS = na IIn(~pn) I I~pn ~ cS th, P = 1, 2, 3, 4 .. ..

where the threshold value cS th ranges from 0.15 to 0.25. We will
use the value cS th ::::: 0.25, as reported by Karney (1978). The quantity a contains the wave amplitude:
a=kfq 4»0/MjQj2

Vx=(qjlMj)Ex+VyQj, x=Vx
VII = (q/Mj)E II ,i = VII

(4)

= 'kf$o (e/q)M/MH

(1)

(5)

where MH is the mass of a proton.
where Vx' Vy and VII are the components of the velocity vector
Y along the x, y and z directions. The magnetic field I!o is
assumed to be along the z axis; Qj is the cyclotron frequency of
an ion of mass Mj and charge qi; and C is a constant determined
by the initial condition for the ions at t = O. The electric field
components Ex and E ll of the wave are obtained from the potential
4»(x, z, t) = ~oCOS(k.L x+ k ll z - wt)

(2)

where k.L and k II are the wave vectors along the x and z axes,
and 4»0 and w are the amplitude and frequency of the EHC wave,
respectively.
The set of equations (1) and (2) were solved for a given number
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The order n of the Bessel function J n (~pn) is an integer close to
w/Qj. The argument ~pn is determined oy [dJnW/d~]( _ ( = O.
Note that ~ = k1ri' where rj is the Larmor radius of the ioh. The
maxima of IJnWI are separated by its zeros. We define the
range of ~, separated by the zeros, as cells [Abe et al., 1980]. The
index p on ~ indicates the cell number beginning with the lowest
cell.
Since as ~I!n increases IIn((pn) I decreases, for a given
amplitude conmtion (4) is met oDly over a limited number of
cells. In terms of energization of ions, it implies that the acceleration of ions is continued until the ion Larmor radius enters
the cell in which (4) is no longer satisfied. Table 1 shows the
values of cS over several cells for 4»0 = 0.4 and for He++ and He+.
For 0+, a rv 18.5 and thus the threshold criterion is satisfied
over a very large number of cells (not shown in Table 1).
When the wave amplitude is large enough, causing heating to
extend to a large cell number, the Bessel function can be re1249
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Table 1. Values of d for He+ and He++.
IONS
He+
a=4.62
He++
a=2.3

CELL NO.
d(n=4)
d(n=5)
d(n=2)
d(n=3)

2
1.36
1.35

0.54
0.56

0.72
0.71

0.22
0.248

5 1
4-

3

4

5

0.33
0.36

0.23
0.247

0.177
0.18

0.1
0.15

3

2

+;

0.076
0.1

J:

0

"- 0

placed by its asymptotic representation and an estimate of the
final heating can be obtained [Papadopoulos et al, 1980];

:> -I

-2

1(5.4)

-3

kol rf = (4na)2/3(2In)1/3

(6)

where rf is the final Larmor radius of the ion after its heating. In
terms of ion energy, E f = (Y2)MiVl. 2, (6) becomes
E f :::: 3.2 X ( 2kol In)2/3(~o)4/3(M/MH)5/3
(7)

As pointed out by Papadopoulos et al (1980), (7) predicts a
heating of 0+ by a factor of about 100 TH and of He+ by 10TH.
Our numerical calculations show that strictly speaking this
prediction is valid for 0+ ions only when the initial 0+
temperature satisfies the condition T(O+) ~ TH. For other
relatively lighter ions, such as He+ and He++, heating in excess
of (7) is obtained. We show below that the initial ion populations
which undergo acceleration are very different from each other
for 0+ on the one hand and He+ and He++ on the other.
Acceleration of 0+
We just pointed out that 0 + ions are expected to gain a large
energy owing to stochastic acceleration by the EHC wave.
However, our calculations showed that a large heating takes
place only when the initial 0+ temperature satisfies the condition T(O+) ~ TH. We did not observe acceleration when T(O+) =
T H /10. Figures 1a and b show the heating when T(O+) = TH and
T(O+) = 10TH, respectively. We have shown in these figures the
0+ velocity distribution function in the VII - Vol plane, where
the velocities are normalized with respect tlo a(i) = (2k BT/M i)1I2
and where Ti is the initial ion temperature. When T(O+) = T H,
the heating leads to the formation of an energetic tail; the bulk
T(O+). T(H+~"-_.---,-_

5

.

4

-

-

1

-4

I

-5

Figure 2. He+ distribution function in the V I - Vl. plane when initially T(He+j/T H = 0.1. Acceleration leads to the formation of an energetic
tail. The final heating goes beyond the asymptotic limit, V1. 10a(He+j, to the upper boundary of the fourth cell. The initial population of He+ ions which undergo acceleration are shown in Figure 3.
These ions fall within the cyclotron-resonance widths for n= 4 and 5.

of the distribution remains nearly unaffected. If we define the
energetic tail by the criterion that any particle with Vol > 2&(01,
is in the tail, then initially only 4% of the particles were in the
tail region, while after a time interval of about 160T (0+) their
number increased to 20%. Note that by this time the heating
has not reached the limit, as predicted by (7) and as shown in
Figure 1a by the vertical line Vol = 10a(0+).
When the 0 + ions were initially very hot (T(O+) = 10TH), the
heating occured in the bulk (iig. 1b), and in a time of about
160T (0+) it reached the limit indicated by the vertical line V1 ::::
3a(0+) in Fig. lb.
It should be noted that the above observations from the
numerical calculations are in fairly good agreement with
theoretical predictions [Karney, 1978]. Since for 0+, Q(O+) «w,
the ion motion in the presence of the wave occurs as though the
ions are nearly unmagnetized. Therefore, the wave-particle in·
teraction progresses in the same fashion as in unmagnetized
plasma. The stochastic acceleration occurs for the particles
trapped by the wave. The minimum velocity for trapping is
given by [Karney, 1978],
Vl. 0:::: (w/kl. ) (1 - a 1l2/n)

T(O+). IOT(H~

,I

(8)
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Figure 1. 0 + distribution in the VII- Vl. plane. The contours shown
are for constant phase-space density N. The numbers marked on the
contours indicate the density in units of 1n(N) = Vi. The scattered
points marked by + signs indicate very small densities (In(N) < Vi ) in
those regions. (a) Distribution function for T(O+j = TH showing the formation of an energetic tail. (b) Distribution function when initially
T(O+j = 10TH. In this case, bulk heating occurs. Broken vertical lines
indicate the lower limit on the initial velocity for 0 + ions to undergo
acceleration. The solid vertical lines indicate the asymptotic limit on
the final acceleration. A speed distribution is plotted in the ~, plane.
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Figure 3. The initial population of ions that is subsequently accelerated by the EHC wave. The three panels correspond to the tbreI
cases that we considered.
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AVjI = (k ll 12w) AV1, AVl » q4>o /Mi' and w/k ll » Vjl

4
(... 7-

3

J:

Acceleration of He+
The acceleration of He+ ions is shown in Figure 2, where the
He+ distribution function is plotted in the Vjl - V.L plane. Note
the formation of an energetic tail. By the time t :::: 300 T (He+),
when acceleration is nearly stopped, the number of ions in the
energetic tail (Vl. > 2a(He+)) increased from 4% to 40%. The vertical solid line \1. :::: 10a(He+) shows the asymptotic limit on
heating, as given by (7). Note that the heating goes beyond this
limit. However, the limit on the heating is described very well
by the fact that the threshold criterion (4) for He+ is met until
the fourth cell. The final heating is determined by the upper
boundary of this cell, corresponding to ~ = 19. This limit is also
indicated in figure 2 by the vertical line marked (5,4), where 5
indicates n = 5 cyclotron resonance and 4 indicates the cell
number. The acceleration in the VII = VJ. plane is well described
by the parabolic curve given by (9).
We found a characteristic difference between the acceleration
of 0 + and He+; the difference lies in the portion of the initial
distribution which undergoes acceleration. As discussed before,
only those 0 + ions which have an initial perpendicular velocity
Vi > Vl 0 undergo acceleration (see Figure 3). On the other hand,
the determining factor for He+ is the cyclotron resonances given
by
(10)
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Figure 4. Distribution function for He++ ions in the VII - VJ... plane.
Note the disappearance of the bulk population. Heating goes beyond
the asymptotic limit to the upper boundary of the second cell for the n
= 3 resonance, as marked by the vertical line (3,2). Upper boundaries of
the second and third cells for the n = 2 resonance are also indicated.

(9)

where AVII and AV.L are the increments in VII and VJ. due to the
acceleration of a particle with initial V.L = O. This parabolic law
for the acceleration follows from the constancy of the Hamiltonian in the wave frame (Smith and Kaufman, 1978). Thus, the
ions are accelerated not only in the perpendicular direction, but
in the parallel direction as well. However, the larger the parallel
phase velocity the smaller the parallel acceleration.

.

5

The broken vertical lines in Figures 1a and b show the lower
limits on velocities required for 0+ ions to undergo acceleration,
as determined by (8). This fact is clearly borne out by our
numerical calculations (Fig. 1a); the contours of the distribution
function for VJ.. < V.L 0 remain nearly unaffected. Since for T(O+)
== T H VJ.. 0 falls in the tail region, only a relatively small number
of pm-ticles are accelerated, forming an energetic tail. On the
other hand, when T(O+) = 10TH VJ.. 0 falls in the bulk and a large
number of particles are accelerated, giving rise to a bulk
heating.
When the 0 + ions are very cold (T(O+) :::: T H /10) the number of
accelerated ions is negligibly small, since Vl.. 0 :::: 5a(0+) and
because there are hardly any particles in a Maxwellian distribution beyond this velocity.
A noteworthy feature of the accelerated ions in Fi~e 1a is
that they follow approximately a parabolic curve marked by the
dotted line and described by the relation

The He+ ions which undergo acceleration are shown in Figure 3.
Out of a total of 925 accelerated ions, 625 initially come from
the region of the overlapping resonances -0.125 ~VII la(H+)
S O.56a(H+).
The characteristic difference between the initial populations
undergoing acceleration for He+ and 0 + gives rise to different
numbers for the accelerated ions. When 0 + is very cold
(T(O+)/T H = 0.1), a negligible number of 0 + ions gets accelerated, while for a similar initial ratio of T(He+)/TH' the number
of He+ ions in the tail increases to 40% of the total population.
Only when the initial 0 + temperature equals TH does the 0+
energetic tail population increase to 20%.
When the initial He+ temperature equals T H, the heating occurs in the bulk and the final He+ temperature increases to
about 10T H, When the initial He+ temperature is further increased to 10TH, relatively very little heating is observed.
Acceleration of He ++
Figure 4 shows the heating of He++ ions for an initially cold
population (T(He++) = T H /10). In this case the heating occurs
very rapidly, and in a time interval of about 100 He++ cyclotron
periods, the bulk population is nearly completely accelerated into the tail (Vl.. > 2a(He++)) (Figure 3). As with He+, the acceleration affects the particles satisfying the cyclotron resonance conditions. Table 2 gives the resonance velocities and the width of
the resonances for n = 2 and 3. It turns out that ions with Vjl < 0
are resonant with n = 3, while those with VII > 0 are resonant
with n = 2. These two resonances have sufficiently wide widths
to accelerate the bulk population. The acceleration occurs along
the parabolic resonance curve given by the dotted line in Figure
4.

We found that most of the He+ ions which undergo acceleration
initially come from the region of the n = 4 and n = 5 overlapping
resonances. Table 2 shows the resonance velocities VII r and the
resonance half-widths, given by [Smith and Kaufman, 1978]

The asymptotic limit on heating, as given by (7), is indicated
in Figure 4 by the solid vertical line Vl.. :::: 8a(He++). We note that
the heating exceeds this limit by at least a factor of 2, as there
are an appreciable number of particles even at V1. :::: 12a(He++)

(11)
Table 3. Temperature Dependence of Heating for Different Ion
Species.
Table 2. Resonance velocities and half-widths in units of H+ thermal

T(O+) = TH/lO
no heating

T(O"1= 10TH
bulk

speed.

T(He"1 = T H
bulk

He++
n

Vii r

4
5

+O.5a(H"1
-O.125a(H"1

n

O.56a(H"1
O.55a(H+)

2
3

O.5a(H"1
-O.75a(H+)

O.6a(H+)
O.56a(H"1

T(He++) = TH/lO
bulk

T(He+) = 10TH
no heating
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(Fig. 4). We find that the heating is continued until the ions
reach the boundary of the p = 2 cell for the n = 3 resonance; this
boundary is indicated by the vertical line Vl. = 12.5a(He++). Only a few ions cross this limit. Table 1 shows that the threshold
criterion for stochastic acceleration is met up to the p = 2 cell for
both the n = 2 and 3 resonances.

charge, mass, and initial temperature as well as on the wave
parameters (amplitude, ~/k ll ' kl. rH)· These results will be
reported elsewhere.
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